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The existence of defects in the form of cracks and cavities in
composite materials generate regions with high stress gradient.
These regions are often the primary source of failure in mechanical
components (such as wedges, rectangular planes, strips, etc.), even
under moderate load magnitudes. As a result, stress analysis in
early stage of a design should be conducted with an account of
these defects. In anti-plane elasticity problems, the use of disloca-
tion methods in obtaining a solution of crack problem in inﬁnite or
semi-inﬁnite domains is a common practice. This is because the
dislocation solution is a Green’s function solution of a given crack
problem Hills et al. (1996). There are limited numbers of investiga-
tions on anti-plane elasticity problems in ﬁnite domains weakened
by defects, including the work by Chang (1985), Ma (1988, 1989),
Faal et al. (2007), Matbuly and Nassar (2009). Chang (1985) and
Ma (1988, 1989) studied the solution of central crack problem in
rectangular sheets. Faal et al. (2007) conducted the stress analysis
of a ﬁnite wedge weakened by arbitrarily shaped cavities. In the
study by Matbuly and Nassar (2009), the anti-plane stress analysis
of two interfacial cracks located between two dissimilar orthotro-
pic rectangular planes under shear loading was conducted. Using
ﬁnite Fourier transforms, the problem was reduced to a system
of singular integral equations with Cauchy type singularities,
which were then solved numerically to calculate the stress inten-
sity factor (SIF) at crack tips. The work was considered as the re-ll rights reserved.
x: +98 241 515 2762.examination and further development of the problem studied by
Li and Duan (2006) using a single interfacial crack.
Stress analysis of strip, with a domain which is the most similar
to that of rectangular planes, has also been the subject of earlier
investigations. Zhou et al. (1998) investigated the stress ﬁeld near
two collinear cracks perpendicular to the edges of an isotropic
strip. The cracks were symmetrical with respect to the centerline
of the strip and subjected to an anti-plane traction. Li (2003) ob-
tained a closed-form solution of the aforementioned problem
where the medium was considered to be orthotropic. The stress
analysis in an isotropic strip weakened by two collinear cracks sit-
uated on the strip’s centerline under anti-plane shear was carried
out by Zhou and Ma (1999). According to the above studies, the
application of a given boundary condition during solution results
in a set of integral equations that can be solved by Schmidt’s
method. Wu and Dzenis (2002) obtained a closed-form solution
for the mode III stress intensity factor of an interfacial edge crack
between two bonded semi-inﬁnite dissimilar elastic strips. In an-
other article, Li (2005) considered an interfacial crack between
two bonded dissimilar semi-inﬁnite orthotropic strips where the
crack surface was under anti-plane traction. Closed-form stress
intensity factors were obtained for the strip with either clamped
or traction free boundaries. More recently, the anti-plane deforma-
tion of orthotropic strips with multiple defects was studied by Faal
et al. (2006). In their work, stress analysis was carried out in an
orthotropic strip containing Volterra type screw dislocations. Using
the dislocation solution, the integral equations of the strip under
anti-plane traction were obtained. Finally, by solving the integral
equations, the stress intensity factors in crack tips and hoop stres-
ses on cavity boundaries were obtained.
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ysis of orthotropic rectangular planes weakened by multiple, arbi-
trarily shaped defects and under various boundary conditions has
not been a topic of investigation. In this article, the classical theory
of elasticity for the stress analysis of orthotropic rectangular planes
containing Volterra-type screw dislocations is ﬁrst presented. Four
different types of boundary conditions are considered on the plane
edges (Section 2). The results in this section have been validated by
available dislocation solution of strips in the literature. Next, the
stress analysis of a rectangular plane under point loading is studied
for the given boundary conditions (Section 3). Methodologically,
Buckner’s principle can be used to analyze rectangular planes
weakened by multiple cracks and cavities using results of Sections
2 and 3. This approach is shown in Section 4. In the same section, a
distributed dislocation method is employed to obtain integral
equations for the plane deformation and subsequently a set of rela-
tionships for the calculation of stress intensity factors and dimen-
sionless hoop stresses on cavities are derived in terms of
dislocation density function. In Section 5, a method for solving
the ensuing integral equations is proposed following the work of
Faal et al. (2006), where the solution of Erdogan et al. (1973) is
generalized such that both cavities and embedded/edge cracks
can be taken into account simultaneously. Numerical examples(a)
(b)
Fig. 1. Schematic of a rectangular plane with:are presented in Section 6 and results are compared to those of iso-
tropic media. Cavities are considered as closed embedded curved
cracks without singularity. Concluding remarks are given in
Section 7.2. Anti-plane deformation of orthotropic rectangular planes
with screw dislocation
In crack problems a so called ‘distributed dislocation technique’
is often used in treating cracks with smooth geometries Hills et al.
(1996). The method relies on the knowledge of stress ﬁeld due to a
single dislocation in the region of interest. For an orthotropic rect-
angular plane containing a screw dislocation, the method can be
developed under anti-plane deformation as follows.
Let us consider an orthotropic rectangular plane (Fig. 1(a)) with
ﬁnite length a and width h in the x and y directions, respectively.
The x-axis is located at the distanceh1 below the upper edge of
the rectangular. Similarly, the y-axis is situated at the distancea1
from the right edge of the rectangular plane. As such, the plane
consists of two orthotropic sub-rectangular regions with ﬁnite
lengthsa1 and a2 = a  a1 which have been attached together along
the y-axis. The only nonzero displacement component under(a) screw dislocation and (b) curved crack.
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each region. Consequently, the constitutive relationships read:
rzy ¼ Gzy owoy ;
rzx ¼ Gzx owox ;
ð1Þ
where Gzx, Gzy are the orthotropic shear moduli. The equilibrium
equations rij, j = 0, in view of Eq. (1) reduce to
Gzx
o2w
ox2
þ Gzy o
2w
oy2
¼ 0: ð2Þ
Using the separation of variables technique, the general solution to
Eq. (2) is obtained as
w x; yð Þ ¼
X1
m¼1
Akm cos Gdkmxð Þ þ Bkm sin Gdkmxð Þð Þ
 Ckm cosh dkmyð Þ þ Dkm sinh dkmyð Þð Þ; ð3Þ
where G ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃGzy=Gzxp and the constants Akm, Bkm, Ckm, Dkm and dkm
should be determined by applying appropriate boundary and conti-
nuity conditions. The index k = 1, 2 is used to refer to the right and
left side rectangular plane, respectively. Below we study four types
of boundary conditions as illustrative examples. There are other
possible boundary conditions for rectangular planes that are not
analyzed in this work.
Problem (a): The plane is free on two opposite edges and ﬁxed on the
other edges
The traction free condition on the two opposite edges y = h1 and
y = h1  h, and the ﬁxed edge conditions at x = a1 and x = a2, imply
that:
rzyðx;h1Þ ¼ 0
rzyðx;h1  hÞ ¼ 0
wða1; yÞ ¼ 0
wða1  a; yÞ ¼ 0:
ð4Þ
A Volterra type screw dislocation with Burgers vector d is situated
at the origin of coordinate system with the dislocation line x = 0,
y > 0. The boundary condition representing this dislocation under
anti-plane deformation is:
wð0þ; yÞ wð0; yÞ ¼ dHðyÞ; ð5Þ
where H is the Heaviside step function. The continuity condition
(self-equilibrium of stress) in the rectangular plane containing the
dislocation as follows:
rzxð0þ; yÞ ¼ rzxð0; yÞ: ð6Þspqðx; yÞ ¼ ejf½ð2h1yÞðdp1dp2Þþyðdp3dp4ÞiþG½ð2aþð1ÞkxÞd1qþð1Þkþ1xd2qþð2ðaakÞþð1Þkþ1xÞd3qþð2akþð1ÞkxÞd4q g; ð15ÞThe application of Eq. (4) into Eq. (3), and in view of Eq. (1), leads to:
w x; yð Þ ¼
X1
m¼1
AkmCkm
sinh mjG ak þ 1ð Þkx
  
sinh mjGakð Þ
 cos mj h1  yð Þð Þ
cos mjh1ð Þ ; k ¼ 1;2 ð7Þwhere j = p/h. Substituting the above solution into Eq. (1) and
applying the continuity condition of Eq. (6) yields:
A2mC2m cothðmjGa2Þ þ A1mC1m cothðmjGa1Þ ¼ 0: ð8Þ
The orthogonality of function cos (nj(h1  y)) is stated asZ h1
h1h
cosðnjðh1  yÞÞ cosðmjðh1  yÞÞdy ¼ h2 dmn; ð9Þ
wheredmn is the Kronecker delta. Imposing the condition (5) into Eq.
(7) is accomplished by multiplying the two sides of Eq. (5) by cos
(nj(h1  y)) and the integrating with respect to y from h1  h to
h, which in view of Eq. (9) yields:
A1mC1m  A2mC2m ¼ dmp sinð2mjh1Þ: ð10Þ
Eqs. (8) and (10) can be solved simultaneously and lead to:
AkmCkm ¼ 1ð Þkþ1 dmp
sin 2mjh1ð Þsinh mjGakð Þcosh mjG a akð Þð Þ
sinh mjGað Þ ;
k¼ 1;2 ð11Þ
Plugging Eq. (11) into Eq. (7) results in the displacement ﬁled as
w x; yð Þ ¼ 2d
p
X1
m¼1
1ð Þkþ1 sin mjh1ð Þ cosh mjG a akð Þð Þ
m sinh mjGað Þ
 sinh mjG ak þ 1ð Þkx
  
cos mj h1  yð Þð Þ; k ¼ 1;2
ð12Þ
The stress components are obtained by substituting Eq. (12) into
the constitutive relationships (1) as follows:
rzy ¼ 2dGzyh
X1
m¼1
ð1Þkþ1 sinðmjh1Þ coshðmjGða akÞÞ
sinhðmjGaÞ
 sinhðmjGðak þ ð1ÞkxÞÞ sinðmjðh1  yÞÞ;
rzx ¼ 2dGGzxh
X1
m¼1
sinðmjh1Þ coshðmjGða akÞÞ
sinhðmjGaÞ
 coshðmjGðak þ ð1ÞkxÞÞ cosðmjðh1  yÞÞ; k ¼ 1;2:
ð13Þ
Using the series cschðmjGaÞ ¼ 2P1n¼1eð2n1ÞmjGa and expanding
sinh, cosh, sin and cos functions in terms of exponential functions,
the above stress function series can be rewritten as
rzyðx; yÞ ¼ dGzy4h
X4
p¼1
X4
q¼1
ð1Þflðp3Þþflðq2ÞþkRxðspqÞ;
rzxðx; yÞ ¼ idGGzx4h
X4
p¼1
X4
q¼1
ð1Þp1RxðspqÞ;
ð14Þ
where x = e2jGa > 1, ﬂ(. . .) refers to the ‘ﬂoor function’ (recall that
the ﬂoor functionﬂ(x), also called the greatest integer function, gives
the largest integer less than or equal to x), and also:dpq is the Kronecker delta function and the complex function R (of
an order x) may be introduced here as: RxðspqÞ ¼
P1
n¼1
spq
xnspq. The
latter function has been deﬁned in a way that it is bounded for
x– spq because jspq(x,y)j <x 6xn, n = 1, 2, . . ..
Substituting y = h1 and y = h1  h into the above function and
replacing the result into Eq. (14) shows that the ﬁrst and second
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(15), s31(x,0), s41(x,0)?x as x? 0, one can conclude that:
rzyðx;0Þ  dGzy2pGx as x ! 0; ð16Þ
where G ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃGzy=Gzxp .It should be added that the above Cauchy sin-
gularity was previously reported, e.g., by Weertman and Weertman
(1992), for the stress ﬁeld of two-dimensional isotropic media con-
taining screw dislocations. It has also been reported by Faal et al.
(2006) for the stress ﬁeld of an orthotropic strip containing screw
dislocations.
Problem (b): The rectangular plane is free on all edges
Manipulations similar to those performed for obtaining Eq. (12)
can be carried out to derive the displacement ﬁled in Problem (b).
The conditions (5) and (6) are held, but the boundary conditions (4)
should be revised to:
rzyðx;h1Þ ¼ 0;
rzyðx;h1  hÞ ¼ 0;
rzxða1; yÞ ¼ 0;
rzxða1  a; yÞ ¼ 0:
ð17Þ
The application of Eqs. (17), (5) and (6) into Eq. (3), and following
the same solution procedure as in Problem (a), leads to:
wðx; yÞ ¼ 2d
p
X1
m¼1
ð1Þkþ1 1
m
sinðmjh1Þ sinhðmjGða akÞÞ
sinhðmjGaÞ
 coshðmjGðak þ ð1ÞkxÞÞ cosðmjðh1  yÞÞ; k ¼ 1;2;
ð18Þ
The stress ﬁeld is obtained in view of the constitutive relationships
(1) as
rzy ¼ 2dGzyh
X1
m¼1
ð1Þkþ1 sinðmjh1Þ sinhðmjGða akÞÞ
sinhðmjGaÞ
 coshðmjGðak þ ð1ÞkxÞÞ sinðmjðh1  yÞÞ;
rzx ¼ 2dGGzxh
X1
m¼1
sinðmjh1Þ sinhðmjGða akÞÞ
sinhðmjGaÞ
 sinhðmjGðak þ ð1ÞkxÞÞ cosðmjðh1  yÞÞ; k ¼ 1;2:
ð19Þ
Using the aforementioned function Rx(s), the stress ﬁeld becomes:
rzyðx; yÞ ¼ dGzy4h
X4
p¼1
X4
q¼1
ð1Þqþflðp=3Þþkþ1RxðspqÞ;
rzxðx; yÞ ¼ idGGzx4h
X4
p¼1
X4
q¼1
ð1Þflðq=3Þþpþ1RxðspqÞ:
ð20Þ
The Cauchy-type singularity of stress ﬁled (i.e., Eq. (16)) that was
investigated in Problem (a), can be readily observed in this problem
as well.
Remark 1. In both Problems (a) and (b), if a?1, we attain the
stress ﬁled of a strip in view of Eqs. (13) and (19):
rzy ¼ 2dGzyh
X1
m¼1
ð1Þkþ1 sin mjh1ð Þ cosh mjGakð Þ  sinh mjGakð Þ½ 
sinh mjG ak þ ð1Þkx
  
sin mj h1  yð Þð Þ;
rzx ¼ 2dGGzxh
X1
m¼1
sin mjh1ð Þ cosh mjGakð Þ  sinh mjGakð Þ½ 
cosh mjG ak þ ð1Þkx
  
cos mj h1  yð Þð Þ; k ¼ 1;2:
ð21ÞFor further veriﬁcation purposes, if the series in Eq. (21) are
summed by expanding sinh,cosh,sin and cos functions in terms of
exponential functions, the following closed-form relation for strips
are obtained, which are identical to the results found by Faal et al.
(2006).
rzxðx;yÞ¼dGzy4Gh
sinjGðy2h1Þ
coshjGxcosjðy2h1Þ
sinjGy
coshjGxcosjy
 
;
rzyðx;yÞ
¼dGzy sinhjGx
4h
1
coshjGxcosjy
1
coshjGxcosjðy2h1Þ
 
:
ð22ÞProblem (c): The rectangular plane is free on one edge and ﬁxed on all
other edges
A Volterra type screw dislocation with Burgers vector d in this
problem requires the same conditions as (5) and (6). Moreover
the following edge conditions should be imposed:
rzyðx;h1Þ ¼ 0;
wðx;h1  hÞ ¼ 0;
wða1; yÞ ¼ 0;
wða2; yÞ ¼ 0:
ð23Þ
Similar to the previous problems, applying conditions (5) and (6)
and (23) into the solution (3) leads to the displacement and stress
ﬁelds similar to Eqs. (18) and (19), but the index m is replaced by
2m1
2 .
Making use of the ensuing stress ﬁled and expanding
cschð 2m12
 
jGaÞ in terms of exponential functions we conclude
that:
rzyðx; yÞ ¼ dGzy8h
X4
p¼1
X4
q¼1
ð1Þqþflðp=3Þþkþ1 R ﬃﬃﬃxp ﬃﬃﬃﬃﬃﬃspqp  R ﬃﬃﬃxp  ﬃﬃﬃﬃﬃﬃspqp 	 
;
rzxðx; yÞ ¼ idGGzx8h
X4
p¼1
X4
q¼1
ð1Þflðq=3Þþpþ1 R ﬃﬃﬃxp ﬃﬃﬃﬃﬃﬃspqp  R ﬃﬃﬃxp  ﬃﬃﬃﬃﬃﬃspqp 	 
:
ð24Þ
The stress ﬁled again represents a Cauchy-type singularity as it was
the case in the previous problems.
Problem (d): The rectangular plane is ﬁxed on one edge and is free on
all other edges
Let us assume that the edge at y = h1  h is ﬁxed and the other
three edges are free, hence:
rzyðx;h1Þ ¼ 0;
wðx;h1  hÞ ¼ 0;
rzxða1; yÞ ¼ 0;
rzxða2; yÞ ¼ 0:
ð25Þ
The stress ﬁled for this problem was obtained using a similar
procedure to that of Problem (a), i.e. Eq. (12), where the index m
is replaced by 2m12 . Results can be rewritten in terms of function
Rx(s) which eventually yield:
rzyðx; yÞ ¼ dGzy8h
X4
p¼1
X4
q¼1
ð1Þfl p3ð Þþfl q2ð Þþk R ﬃﬃﬃxp ﬃﬃﬃﬃﬃﬃspqp  R ﬃﬃﬃxp  ﬃﬃﬃﬃﬃﬃspqp 	 
;
rzxðx; yÞ ¼ idGGzx8h
X4
p¼1
X4
q¼1
ð1Þp1 R ﬃﬃﬃxp ﬃﬃﬃﬃﬃﬃspqp  R ﬃﬃﬃxp  ﬃﬃﬃﬃﬃﬃspqp 	 
:
ð26Þ
R.T. Faal et al. / International Journal of Solids and Structures 48 (2011) 661–672 6653. Orthotropic rectangular planes under traction
In this section we use the analyses framework of Section 2 and
predict the anti-plane deformation of an orthotropic rectangular
plane and under a point force/traction with a magnitude of s0
(Fig. 1(b)).
Problem (a):
According to Fig. 1b, in this problem the loading condition at
y=h dictates:
rzyðx;hÞ ¼ s0dðx x0Þ; ð27Þ
where d(x  x0) is the Dirac delta function. Boundary conditions on
other edges are:
rzyðx;0Þ ¼ 0;
wð0; yÞ ¼ 0;
wða; yÞ ¼ 0:
ð28Þ
Applying Eqs. (27) and (28) into (3) and removing the index k be-
cause of the uniqueness of the solution leads to:
wðx; yÞ ¼ 2Gs0
pGzy
X1
m¼1
sinðmqx0Þ
m sinh mqG h
  cosh mq
G
y
 
sinðmqxÞ ð29Þ
whereq = p/a. Substituting Eq. (29) into Eq. (1), the stress ﬁled is ob-
tained as
rzy ¼ 2s0a
X1
m¼1
sinðmqx0Þ
sinh mqG h
  sinh mq
G
y
 
sinðmqxÞ;
rzx ¼ 2s0aG
X1
m¼1
sinðmqx0Þ
sinh mqG h
  cosh mq
G
y
 
cosðmqxÞ:
ð30Þ
Similar to the solution procedure in Section 2, above stress compo-
nents can be rewritten in terms of the function RX(s) as
rzyðx; yÞ ¼ s02a
X2
p¼1
X4
q¼1
ð1Þflðq=3Þþpþ1RXðcpqÞ;
rzxðx; yÞ ¼ is02a
X2
p¼1
X4
q¼1
ð1Þflðq=2ÞRXðcpqÞ;
ð31Þ
whereX = e2qh/G and cpqðx; yÞ ¼ exp qfi½ð1Þqxþ ð1Þflðq=2Þx0þ
h
ð1=GÞ½hþ ð1Þpþ1yg.
Problem (b):
In this case, since there is no reaction force from clamps, the
applied loading condition has to be at self-equilibrium. ThereforeFig. 2. Variations of kIII/k0 with l/a for an orthotropic rectangular plane weakened
by an embedded inclined crack and the crack line anglec = 70; the boundary
condition problems (a), (c), and (d) are assumed.let us consider additional point loads as follows: szy(x,0) = s0
d(x  x0), and szyðx; 0Þ ¼ szyðx;hÞ ¼ s0dðx x^0Þ. As such, all loads
and moments are at equilibrium and the resulting stress ﬁled is
rzyðx; yÞ ¼ s02a
X2
p¼1
X4
q¼1
Q ﬃﬃﬃXp ðgpqÞ  Q ﬃﬃﬃXp ðg^pqÞh i;
rzxðx; yÞ ¼ is02Ga
X2
p¼1
X4
q¼1
ð1Þpþqþ1 Q ﬃﬃﬃXp ðgpqÞ  Q ﬃﬃﬃXp ðg^pqÞh i;
ð32Þ
whereQ ﬃﬃﬃXp ðgpqÞ ¼P1n¼1ð1Þnþ1 gpqXn2gpq. Hereafter the latter function is
called Q function of order
ﬃﬃﬃﬃ
X
p
;gpqðx; yÞ ¼ exp q i½ð1Þqxþ
	
ð1Þflðq=2Þx0 þ ð1=GÞ ð1Þ
pþ1
2 hþ ð1Þpþ1y
h i
g. Note that g^pq in Eq. (32)
can be readily obtained by changing x0 to x^0 in the expression given
for gpq. Similarly, stress ﬁelds of the rectangular plane with edge
boundary conditions of (c) and (d) were calculated under the trac-
tion. For the sake of brevity, the ﬁnal results are given here.
Problem (c):
rzyðx; yÞ ¼ s02a
X2
p¼1
X4
q¼1
ð1Þflðq=3ÞQXðcpqÞ;
rzxðx; yÞ ¼ is02Ga
X2
p¼1
X4
q¼1
ð1Þflðq=2Þþpþ1QXðcpqÞ:
ð33Þ
Problem (d):
rzyðx; yÞ ¼ s02a
X2
p¼1
X4
q¼1
QXðcpqÞ;
rzxðx; yÞ ¼ is02Ga
X2
p¼1
X4
q¼1
ð1ÞpþqQXðcpqÞ:
ð34Þ4. Analyses with multiple cracks and cavities
The dislocation solutions accomplished in the foregoing section
is extended to analyze rectangular planes with several cracks and
cavities. The cavities are considered as closed curved cracks with-
out singularity. Assume that the plane is weakened by M cavities,
N1 embedded, and N2 edge cracks. We denote cavities, embedded
and edge cracks, respectively, with subscripts i = 1, 2, . . . ,M,
i =M + 1, M + 2, . . . ,M + N1 and i =M + N1 + 1, M + N1 + 2, . . . ,N,
where N =M + N1 + N2 is the total number of defects. The anti-
plane stress components on the local coordinate (Xi, Yi), Fig. 1(b),
located on the surface of the ith crack become:
rzYi ¼ rzy cosui  rzx sinui;
rzXi ¼ rzx cosui þ rzy sinui;
ð35Þ
where ui is the angle between Xi(local) and x(global) axes. Suppose
dislocations with unknown density Bzj are distributed on the inﬁn-
itesimal segment dkj located at a point with coordinates (xj,yj) on
the surface of the jth crack.
First, we consider problem (a) where the traction is on the sur-
face of the ith crack due to the presence of above distribution of
dislocations, and utilizing Eqs. (14) and (35), the anti-plane stress
components become:
rzYi ¼
BzjdkjGzy
4h
X4
p¼1
X4
q¼1

1ð Þfl p3ð Þþfl q2ð Þsgn xj  xi
 
cosui
þ i 1=Gð Þ 1ð Þp sinui

Rx spq xi; yi; xj; yj
   ð36Þ
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sgn(0) = 1. The spqfunction is deﬁned as
spq xi;yi;xj;yj
 ¼ ej 2hyiyjð Þ dp1dp2ð Þþ yiyjð Þ dp3dp4ð Þ½ i
 e
jG 2aþxjxið Þd1qþ xixjð Þd2qþ xiþxjð Þd3qþ 2axixjð Þd4q½  for xi > xj
ejG 2aþxixjð Þd1qþ xjxið Þd2qþ 2axixjð Þd3qþ xiþxjð Þd4q½  for xi < xj
(
ð37Þ
Next, covering the crack surfaces by dislocations, the principle of
superposition is invoked to obtain the tractions on a given crack
surface. Eq. (36) is integrated on the crack surfaces and the resultant
tractions are superimposed. The integration of Eq. (36) can be facil-
itated by describing crack conﬁgurations in a parametric for-
mxi = xi(s), yi = yi(s), i = 1, 2, . . . ,N where 1 6 s 6 1. The traction
on the surface of the ith crack yields:
rzYi ðxiðsÞ;yiðsÞÞ ¼
XN
j¼1
Z 1
1
bzjðtÞkijðs; tÞdt16 s6 1; i¼ 1;2; . . . ;N;
ð38Þ
where bzj(t) is the dislocation density on the dimensionless length
1 6 t 6 1. From Eq. (36), the kernel kij(s, t) is
kijðs; tÞ ¼
Gzy
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2r
4h

X4
p¼1
X4
q¼1

ð1Þfl p3ð Þþfl q2ð Þsgnðxj  xiÞ cosuiðsÞ
þ ið1=GÞð1Þp sinuiðsÞ

RxðspqðxiðsÞ; yiðsÞ; xjðtÞ; yjðtÞÞÞ;
i; j ¼ 1;2;3; . . . ;N: ð39Þ
Substituting the crack angle, Fig. 1(b), as uiðsÞ ¼
tan1ðy0iðsÞ=x0iðsÞÞinto Eq. (39), the kernel of the integral equation re-
duces to a more convenient form:
kijðs; tÞ ¼ Gzy4h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2
x0iðsÞ
 2 þ y0iðsÞ 2
vuuut

X4
p¼1
X4
q¼1

ð1Þfl p3ð Þþfl q2ð Þsgnðxj  xiÞx0iðsÞ
þ ið1=GÞð1Þpy0iðsÞ

RxðspqðxiðsÞ; yiðsÞ; xjðtÞ; yjðtÞÞÞ;
i; j ¼ 1;2;3; . . . ;N: ð40Þ
From Eq. (40) we conclude that kij(s, t) has the Cauchy-type singu-
larity for i = j as t? s. This behavior can be shown by considering
the singularity of functionRx(s) which was investigated before.
The existence of such singularity of the kernel for the special case
of a?1 had also been proven previously by Faal et al. (2006).
Kernels for problems (b)–(d) are summarized in Appendix A.
By virtue of Bueckner’s principle1 (see, e.g., Hills et al., 1996), the
left-hand side of Eq. (38) after changing the sign is the traction
caused by the external loading on the uncracked rectangular plane
at the presumed surface of cracks. Utilizing Eq. (31) and the ﬁrst
relation of Eq. (35), the following traction is calculated on the surface
of the ith crack:1 If a cracked body includes forces applied to the crack surfaces to close it (or slide
for the mode III of fracture mechanics), while the body is subjected to external loading
or prescribed displacements at its boundary, the applied forces to the crack surfaces
must be equivalent to the stress distribution in an uncracked body of the same
geometry subject to the same external loading.rzYi ðxiðsÞ;yiðsÞÞ¼
s0
2a
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0iðsÞ
 2þ y0iðsÞ 2
q

X2
p¼1
X4
q¼1
ð1Þfl q3ð Þþpþ1x0iðsÞþ ið1=GÞð1Þfl
q
2ð Þþ1y0iðsÞ
h i
RXðcpqðxiðsÞ;yiðsÞÞÞ;i;j¼1;2;3;...;N:
ð41Þ
Traction on the surface of the ith crack for Problems (b)–(d) are gi-
ven in Appendix B.
Employing the deﬁnition of dislocation density function, the
equation for crack opening displacement across the jth crack reads:
wþj ðsÞwj ðsÞ ¼
Z s
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2r
bzjðtÞdt; j¼ 1;2;3; . . . ;N:
ð42Þ
The displacement ﬁeld away from the surfaces of embedded cracks
and cavities is single-valued. Consequently, the dislocation density
functions are subject to the following closure requirement:Z 1
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2r
bzjðtÞdt ¼ 0; j ¼ 1;2;3; . . . ;M þ N1:
ð43Þ
The Cauchy singular integral Eqs. (38) and (43) need to be solved
simultaneously to determine dislocation density functions. Consid-
ering cavities as closed curved cracks with bounded dislocation
density at both ends of the cracks, the dislocation density functions
for cavities are expressed as
bzjðtÞ ¼ gzjðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
; 1 < t < 1; j ¼ 1;2; . . . ;M: ð44Þ
Stress ﬁelds for the embedded cracks in orthotropic materials are
singular at crack tips with a square-root singularity; see for instance
Delale (1984). Hence, the dislocation density functions for embed-
ded cracks can be represented by
bzjðtÞ ¼
gzjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p ; 1 < t < 1; j ¼ M þ 1;M þ 2; . . . ;M þ N1:
ð45Þ
For the edge cracks, taking the embedded crack tip at t = 1, we may
deﬁne:
bzjðtÞ ¼ gzjðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t
1þ t
r
; 1< t< 1; j¼MþN1þ1;MþN1þ2; . . . ;N:
ð46Þ
It is known that the stress intensity factors for a given crack in
terms of the crack opening displacement is given by (Liebowitz,
1968):
kIIILi ¼
ﬃﬃﬃ
2
p
4
Gzy
G
lim
rLi!0
wi ðsÞ wþi ðsÞﬃﬃﬃﬃﬃ
rLi
p
kIIIRi ¼
ﬃﬃﬃ
2
p
4
Gzy
G
lim
rRi!0
wi ðsÞ wþi ðsÞﬃﬃﬃﬃﬃ
rRi
p ; j ¼ M þ 1;M þ 2; . . . ;N ð47Þ
where r is the distance from the crack tip. Setting the points Li and Ri
on the surface of the crack as shown in Fig. 1(b), yields:
rLi ¼ ðxiðsÞ  xið1ÞÞ2 þ ðyiðsÞ  yið1ÞÞ2
h i1
2
rRi ¼ ðxiðsÞ  xið1ÞÞ2 þ ðyiðsÞ  yið1ÞÞ2
h i1
2 ð48Þ
Substituting Eq. (45) into (42), and then the resultant and Eq. (48)
into Eq. (47), and ﬁnally employing the Hopital’s rule leads to the
stress intensity factors for the embedded cracks as follows:
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kIIILi ¼ Gzy2G x
0
ið1Þ
 2 þ y0ið1Þ 2h i14gzið1Þ
kIIIRi ¼ Gzy2G x
0
ið1Þ
 2 þ y0ið1Þ 2h i14gzið1Þ;
i ¼ M þ 1;M þ 2; . . . ;M þ N1
ð49Þ
Analogously, for edge cracks the stress intensity factor yields:
kIIILi ¼ GzyG x
0
ið1Þ
 2 þ y0ið1Þ 2h i14gzið1Þ;
i ¼ M þ N1 þ 1;M þ N1 þ 2; . . . ;N: ð50Þ
The calculation of hoop stress on the surface of cavities is accom-
plished by employing the deﬁnition of dislocation density function,Fig. 3. Variations of kIII/k0 with changing l/a for a rectangular plane weakened by
horizontal embedded crack; the boundary condition problem (b) is assumed.
Hij ¼
Aj1kij s1; t1ð Þ Aj2kij s1; t2ð Þ . . . Ajnkij s1; tnð Þ
Aj1kij s2; t1ð Þ Aj2kij s2; t2ð Þ . . . Ajnkij s2; tnð Þ
..
. ..
.    ...
Aj1kij sn1; t1ð Þ Aj2kij sn1; t2ð Þ . . . Ajnkij sn1; tnð Þ
Aj1Bij t1ð Þ Aj2Bij t2ð Þ . . . AjnBij tnð Þ
2
66666664
3
77777775
gzj tp
  ¼ gzj t1ð Þ gzj t2ð Þ . . . gzj tnð Þ	 
T ; j ¼ 1;2; . . . ;N
qi srð Þ ¼ rzYi xi s1ð Þ; yi s1ð Þð Þ rzYi xi s2ð Þ; yi s2ð Þð Þ . . .rzYi xi sn1ð Þ; yi sn1ð Þð Þ 0
	 
T
; i ¼ 1; . . . ;M þ N1
qi srð Þ ¼ rzYi xi s1ð Þ; yi s1ð Þð Þ rzYi xi s2ð Þ; yi s2ð Þð Þ . . .rzYi xi sn1ð Þ; yi sn1ð Þð Þ rzYi xi 1ð Þ; yi 1ð Þð Þ
	 
T i ¼ M þ N1 þ 1; . . . ;N;
ð56Þwhich is
czXi ðxiðsÞ; yiðsÞÞ ¼ bziðsÞ  1 6 s 6 1; i ¼ 1;2; . . . ;M: ð51Þ
From the Hooke’s law and Eq. (51) the shear stress reads Lekhnitskii
(1963):
rzXi ðxiðsÞ; yiðsÞÞ ¼
GzxGzy
Gzx sin
2ui þ Gzy cos2ui
bziðsÞ  1 6 s 6 1;
i ¼ 1;2; . . . ;M: ð52Þ
The substitution of crack angleuiðsÞ ¼ tan1 y0iðsÞ=x0iðsÞ
 
into Eq. (52)
results in
rzXi xi sð Þ; yi sð Þð Þ ¼
Gzy x0i sð Þ
 2 þ y0i sð Þ 2h i
y0i sð Þ
 2 þ G2 x0i sð Þ 2 bzi sð Þ  1 6 s 6 1;
i ¼ 1;2; . . . ;M ð53Þ
One can also deﬁne a normalized hoop stress by using width or
length of the rectangular plane such that:
riðsÞ ¼ hrzXi ðxiðsÞ; yiðsÞÞs0  1 6 s 6 1; i ¼ 1;2; . . . ;M ð54Þ
where s0 is the point load applied on the edge of the plane.
5. Solution of integral equations
The system of Cauchy integral Eq. (38) in conjunction with Eq.
(43) can be solved numerically. To this end, the original numerical
procedure developed by Erdogan et al. (1973) may not be directly
applicable since it does not consider all types of defects; i.e.,
embedded and edge cracks and also multiple cavities at the same
time. In the study by Faal et al. (2006), a minor generalization of
the numerical procedure, by means of expanding the continuous
integrands of integral equations with different weight functions
in terms of Tchebyshoff and Jacobi polynomials, was introduced
to overcome this problem. Various weight functions resulted fromvarious stress ﬁelds of different types of crack tips and cavity
boundaries. The only approximation in the modiﬁed method was
the truncating integrand inﬁnite expansion, which does not change
the accuracy of results if an adequate number of discrete points is
used (see, Faal et al., 2006 for more details). Following the numer-
ical procedure by Faal et al. (2006), in the present case a system of
matrix equations is obtained as follows:
H11 H12 H13 . . . H1N
H21 H22 H23 . . . H2N
H31 H32 H33 . . . H3N
..
. ..
. ..
. . .
.
. . .
HN1 HN2 HN3 . . . HNN
2
66666664
3
77777775
gz1ðtpÞ
gz2ðtpÞ
gz3ðtpÞ
..
.
gzNðtpÞ
2
66666664
3
77777775
¼
q1ðsrÞ
q2ðsrÞ
q3ðsrÞ
..
.
qNðsrÞ
2
66666664
3
77777775
: ð55Þ
The components of this system are:where, sr = cos (pr/n), r = 1, 2, . . . ,n  1 and tk = cos (p (2k  1)/2n),
k = 1, 2 . . . ,n are the zeros of Un1(sr) and Tn (tk), respectively. The
superscript T stands for the transpose of a vector and Ajk and Bij(t)
are deﬁned as follows:
Ajk ¼ pn
1 t2k j ¼ 1; . . . ;M
1 j ¼ M þ 1; . . . ;M þ N1
1 tk j ¼ M þ N1 þ 1; . . . ;N; k ¼ 1;2; . . . ;n
8><
>:
BijðtÞ ¼
dij
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0iðtÞ
 2 þ y0iðtÞ 2
q
;
i ¼ 1; . . . ;M þ N1
kijð1; tÞ; i ¼ M þ N1 þ 1; . . . ;N
8>><
>:
ð57Þ
Fig. 8. Variations ofkIII/k0 with d/a for the orthotropic and isotropic rectangular
planes under the boundary condition problem (b).
Fig. 4. Variations of kIII/k0 with d/a for the orthotropic rectangular plane weakened
by a cavity.
Fig. 6. Dimensionless hoop stress on the elliptical cavity for the orthotropic
rectangular plane versus the angle h for d/ae = 0.5. The angleh is considered from the
y-axis.
Fig. 5. Variations of kIII/k0 with changing d/a for an isotropic rectangular plane
weakened by a cavity.
Fig. 9. The dimensionless hoop stress on the elliptical cavity versus the angle h for
d/ae = 0.5, under the boundary condition problem (b); the angle h is considered from
the y-axis.
Fig. 7. Dimensionless hoop stress on the elliptical cavity for isotropic rectangular
plane versus the angle h for d/ae = 0.5. The angle h is considered from the y-axis.
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Fig. 12. Variation of dimensionless hoop stress in Example 4 on the elliptical cavity
in the orthotropic rectangular plane (l/h = 1/6).
Fig. 11. Variations of kIII/k0 in Example 4 for the edge crack tip in the orthotropic
rectangular plane.
Fig. 14. Variations of kIII/k0 in Example 4 for the embedded crack tips in the
isotropic rectangular plane.
Fig. 15. Variations of kIII/k0 in Example 4 for the edge crack tip in the isotropic
rectangular plane.
Fig. 10. Variations of kIII/k0 in Example 4 for the embedded crack tips in the
orthotropic rectangular plane. Fig. 13. Dimensionless hoop stress in Example 4 on the elliptical cavity for the
isotropic rectangular plane (l/h = 1/6).
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The analysis developed in the preceding section allows the con-
sideration of a rectangular plane with an arbitrary number of
embedded and edge cracks and also cavities with different orienta-
tions. The plane has a length of a and a width of h ¼ 34 a.
In the following examples, the orthotropy ratio G ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃGzy=Gzxp is
assumed to be 0.8811, which is representative of a unidirectional
carbon ply. The applied traction for Problems (a), (c) and (d) is a
point load with the magnitude of Eq. (27). For Problem (b) the ap-
plied traction is a four point loads (with the same magnitude)
which are located in the upper and lower edges of the rectangular
plane at x0 ¼ 0:1a; x^0 ¼ 0:9a. It should be added that the stress
intensity factor becomes dimensionless by using the divisor
k0 ¼ s0
ﬃ
l
p
=h.
Example 1. Assume an orthotropic rectangular plane weakened by
one embedded crack with a length of 2 l and the angle of c = 70,
Fig. 2. The center of crack is located at the center of the plane and
the traction is applied on the above edge of the plane and also on
the extension of crack line. The load is considered on the crack line
in order to investigate the effect of variation of the stress intensity
factor with the distance of the load point from the right crack tip.
Physically, one would expect an increased stress intensity factor
for the right crack tip near the load. Fig. 2 shows the normalized
stress intensity factors (SIF’s), k/k0, versus the dimensionless crack
length for three boundary conditions of (a), (c) and (d). The
normalized SIF of the right side crack tip increases as it approaches
to the point load. For the boundary condition problem (d), SIF is
larger than those for Problems (a) and (c). Moreover, a slow growth
of kL/k0 versus the crack length may be noticed except for Problem
(a) when the left crack tip approaches to the traction-free edge of
the rectangular plane.Example 2. Now let us assume the same orthotropic rectangular
plane of Example 1 but with the boundary condition of Problem
(b). The plane is weakened by an embedded crack with the length
of 2l parallel to the upper and lower edges of the rectangular plane
as shown in Fig. 3. The variation of dimensionless SIF, kIII/k0, versus
the dimensionless crack length is also included in Fig. 3. The SIF of
crack tips for both orthotropic and isotropic (G = 1) material is
symmetrically increased by an increase of the crack length. In
the orthotropic plane, however, the weaker material stiffness in
the y-direction compared to the x-direction has reduced the SIF
value.Example 3. In this example, we consider a pair of straight cracks
with length 2l = h/3 and an elliptical cavity with the major and
minor lengths ae = h/6 and be = h/12, respectively (Fig. 4). The
major axis of cavity and the cracks are located on the centerline
of the rectangular plane. Therefore, the problem is symmetric
with respect to the x-axis for Problems (a) and (b). The boundary
condition problems (a), (c) and (d) are considered in Figs. 4–7
and the boundary conditions of problem (b) are used in Figs. 8
and 9.
Fig. 4, depicts the variations of non-dimensional SIF, k/k0 of
right crack tips against d/a in the orthotropic rectangular plane for
Problems (a), (c) and (d). The SIF of the tip L is bigger than the tip R
because the tip L is closer to the sharpest point of the elliptical
cavity compared to the tip R. Due to the symmetry, results have
been presented only for the right crack. k/k0 for the isotropic
rectangular plane is shown in Fig. 5. The k/k0 at the tip L increases
as the crack tip approaches the elliptical cavity. In the orthotropic
rectangular plane, the weaker material stiffness in the y-direction
in comparison with that of the x-direction reduces the stressintensity factor. The plots of dimensionless hoop stress on the
elliptical cavity, hrzX/s0 versus angle h, where h is measured from
the minor-axis of the elliptical cavity, are shown in Fig. 6 for the
orthotropic rectangular plane. The largest values of dimensionless
hoop stress are seen at the points of cavity boundary with the
minimum curvature. A similar trend of dimensionless hoop stress
but with higher magnitude is observed for the cavity of the
isotropic rectangular plane, Fig. 7.
Fig. 8 shows the variation of dimensionless SIF, k/k0, of crack
tips against d/a in both isotropic and orthotropic rectangular
planes in Problem (b). Quantitative variations of SIF in this problem
are similar to those in Problems (a), (c) and (d). The dimensionless
hoop stress on the elliptical cavity, hrzX/s0 versus angle h, is shown
in Fig. 9 for Problem (b), where the maximum stress concentration
is seen again at the sharpest points of the elliptical cavity.Example 4. This last example deals with the interaction of two
embedded and edge cracks and one elliptical cavity. Let us consider
a straight embedded crack with ﬁxed center, a vertical edge crack,
and a horizontal elliptical cavity with the major and minor lengths
ae = h/6 and be = h/12, respectively (Fig. 10). The center of cavity is
located on the lines with distance 5h/8 from the lower edge and
also 3h/4 from the left edge of the rectangular plane. The center
of embedded crack is located on a line with the distance of 5h/8
from the lower edge of the plane. The distance from the center of
the embedded crack to the center of cavity is 11h/24. The edge
crack is aligned towards the center of cavity with a length equal
to half of the embedded crack. From Fig. 10, we observe that the
dimensionless stress intensity factor, k/k0, for the left tip of the
embedded crack increases with l/h, which is due to approaching
the point of cavity with the highest stress concentration. Similarly,
the variation of k/k0 for the edge crack tip is shown in Fig. 11.
Figs. 12 and 13 presents the dimensionless hoop stress on the
elliptical cavity, hrzX/s0 versus angleh, for both orthotropic and iso-
tropic planes, respectively, with the boundary conditions of (a), (c),
and (d). In these ﬁgures, non-dimensional edge crack length is con-
sidered to be l/h = 1/6. A comparison of Figs. 12 and 13 reveals that
a higher value of hrzX/s0 for an isotropic material is obtained. In the
isotropic plane, however, the weaker material stiffness in the y-
direction compared to the x-direction has increased the value of
hrzX/s0 or the dimensionless hoop stress (stress concentration fac-
tor). This was also the case in Example 2. Variations of kIII/k0 for the
embedded and edge crack tips in the isotropic plane are included
in Figs. 14 and 15. The latter results are similar to those of Figs.
10 and 11 for the orthotropic material but with higher magnitudes.
As in Example 3, this should be due to the unequal stiffness of the
orthotropic plane in two material directions. Moreover, as one
would expect physically, the variation of SIF of the embedded crack
tip, namely R, is more pronounced than that of tip L because of
approaching the sharpest point of the cavity.7. Concluding remarks
A solution of problem of orthotropic rectangular planes weak-
ened by Volterra-type edge dislocation is ﬁrst obtained in terms
of new functions. Consequently, the stress ﬁeld in an orthotropic
rectangular plane under traction on its edge(s) was given in a com-
pact form, by which the singularity of stress ﬁeld can be shown.
The dislocation density on the cracks surfaces is obtainable by
solving a set of integral equations of Cauchy singular type. Finally,
the distributed dislocation technique was used to solve problems
with multiple cracks and cavities with smooth geometries. The
presented examples on the embedded and edge cracks as well as
cavities revealed that:
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increases as it approaches the point load. Conversely, SIF
decreases at a crack tip as it approaches the free edge of
the rectangular plane. Moreover, for the boundary condition
problem (d), owing to higher deﬂections, SIF is larger than
those of problems (a) and (c).
(2) SIF at crack tips for both orthotropic (G– 1) and isotropic
(G = 1) materials is symmetrically increased by an increase
of the crack length. In the orthotropic rectangular plane,
however, the weaker material stiffness in one reinforcement
direction reduces the stress intensity factor.
(3) SIF of a crack tip that is closer to the sharpest point of the
elliptical cavity increases as the crack approaches the cavity
boundary. Also the largest value of dimensionless hoop
stress is obtained at the points of cavity boundary with min-
imum curvature. The latter is because of the presence of
regions with high stress concentration. A similar trend for
the dimensionless hoop stress but with higher magnitude
is observed on the cavity of the isotropic plane.
In Summary, the SIF of crack tips in orthotropic planes can de-
pend on critical factors such as the distance of the crack tip from
the free or ﬁxed boundaries of the plane, the location of traction,
corners, and also the sharpest points of cavities. The individual
and combined effects of these factors on SIF can be evaluated for
different rectangular plane problems following the analytical solu-
tion provided in this work.Appendix A. Kernels of problems (b)–(d)
Problem (b):kij s; tð Þ ¼ Gzy4h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2
x0iðsÞ
 2 þ y0iðsÞ 2
vuuut

X4
p¼1
X4
q¼1
1ð Þqþfl p=3ð Þsgn xiðsÞ  xjðtÞ
 
x0iðsÞ
h
þ i 1=Gð Þ 1ð Þfl q=3ð Þþpy0iðsÞ
i
Rx spq xiðsÞ; yiðsÞ; xjðtÞ; yjðtÞ
  
;
i; j ¼ 1;2;3; . . . ;N: ðA:1Þ
Problem (c):kij s;tð Þ¼Gzy8h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2
x0iðsÞ
 2þ y0iðsÞ 2
vuuut

X4
p¼1
X4
q¼1
1ð Þqþfl p=3ð Þsgn xiðsÞxjðtÞ
 
x0iðsÞ
h
þi 1=Gð Þ 1ð Þfl q=3ð Þþpy0iðsÞ
i
R ﬃﬃﬃxp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃspq xiðsÞ;yiðsÞ;xjðtÞ;yjðtÞ q h
R ﬃﬃﬃxp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃspq xiðsÞ;yiðsÞ;xjðtÞ;yjðtÞ q i;
i;j¼1;2;3;...;N: ðA:2ÞProblem (d):
kij s; tð Þ ¼ Gzy8h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0jðtÞ
 2
þ y0jðtÞ
 2
x0iðsÞ
 2 þ y0iðsÞ 2
vuuut

X4
p¼1
X4
q¼1
1ð Þfl p3ð Þþfl q2ð Þsgn xjðtÞ  xiðsÞ
 h
þi 1=Gð Þ 1ð Þpy0iðsÞ


R ﬃﬃﬃxp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃspq xiðsÞ; yiðsÞ; xjðtÞ; yjðtÞ q h
R ﬃﬃﬃxp  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃspq xiðsÞ; yiðsÞ; xjðtÞ; yjðtÞ q i;
i; j ¼ 1;2;3; . . . ;N: ðA:3ÞAppendix B. Traction on the surface of crack in Problems (b)–(d)
Problem (b):
rzYi xi sð Þ;yi sð Þð Þ ¼ 
s0
2a
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0i sð Þ
 2þ y0i sð Þ 2
q

X2
p¼1
X4
q¼1
x0i sð Þþ i 1=Gð Þ 1ð Þpþqy0i sð Þ
	 

 Q ﬃﬃﬃXp gpq xi sð Þ;yi sð Þð Þ Q ﬃﬃﬃXp g^pq xi sð Þ;yi sð Þð Þ h i;
i; j¼ 1;2;3; . . . ;N: ðB:1Þ
Problem (c):
rzYi xiðsÞ; yiðsÞð Þ ¼
 s02aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0iðsÞ
 2 þ y0iðsÞ 2
q
X2
p¼1
X4
q¼1
1ð Þfl q=3ð Þx0iðsÞ þ i 1=Gð Þ 1ð Þfl q=2ð Þþpy0iðsÞ
h i
 QX cpq xiðsÞ; yiðsÞð Þ
 
; i; j ¼ 1;2;3; . . . ;N:
ðB:2Þ
Problem (d):
rzYi xiðsÞ; yiðsÞð Þ ¼ 
s0
2aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x0iðsÞ
 2 þ y0iðsÞ 2
q

X2
p¼1
X4
q¼1
x0iðsÞ þ i 1=Gð Þ 1ð Þpþqþ1y0iðsÞ
h i
 QX cpq xiðsÞ; yiðsÞð Þ
 
; i; j ¼ 1;2;3; . . . ;N:
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